SUBSETS OF PRODUCTS OF POSITIVE DENSITY ON VAN 
DER WAERDEN SETS 



KONSTANTINOS TYROS 

Abstract. We prove that for every sequence (m q ) q of positive integers and 
for every real < 8 ^ 1 there is a sequence (n q ) q of positive integers such that 
for every D C \J k Efco [ n <?l satisfying 



\DnU q Zo[n q ] 

itzln q 



> s 



1 9 = 

for every k in a van der Waerden set, there is a sequence (J q ) q , where J q is 
an arithmetic progression of length m q contained in [n q ] for all q, such that 
I~[g=o J q C D for every k in a van der Waerden set. Moreover, working in an 
abstract setting, we obtain J q to be any configuration of natural numbers that 
can be found in an arbitrary set of positive density. 



1. Introduction 

In [TTj a density version of a Ramsey theoretic result [DLT1 ITo] has been estab- 
lished. In particular it was shown that for every positive real e and every sequence 
{m q ) q of positive integers there exists a sequence (n q ) q of positive integers with the 
following property. For every infinite subset L of the positive integers and every 
sequence (Di)i e L such that Dg is a subset of Il!j=o{l' ■■■i n q\ 01 density at least e 
for all £ £ L, there exist a sequence (I q ) q and infinite subset L' of L such that I q is 
a subset of {1, n q } of cardinality m q for all non- negative integers q and the set 
ri q =o 1S a subset of Dg for all I G V . 

In the present paper we provide a strengthening of this result which is optimal 
in several aspects. Firstly, we show that the set L' can be chosen to be a van der 
Waerden set provided that L itself is a van der Waerden set (this is, clearly, a nec- 
essary condition). Moreover, the sets I q can be endowed with additional structure. 
For instance, each I q can be chosen to be an arithmetic or a polynomial progres- 
sion. The construction of the sequence {I q ) q is effective avoiding, in particular, 
compactness arguments as in |TT| . 

In order to state our result we need to introduce some pieces of notation. By N 
we denote the set of the non-negative integers; N + stands for the set of all positive 
integers. For every set X by X <N we denote the set of all finite sequences in X. 
The empty sequence is denoted by and is included in X <N . For every positive 
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integer k by [k] we denote the set {1, k}. By convention, [0] stands for the empty 
set. 

Let Y be a (possibly infinite) set. If X is a nonempty finite subset of Y and A is 
an arbitrary subset of Y, then the density of A relative to X, denoted by densx(^4), 
is the quantity defined by 

(1) dens* (A) = ' . 

Recall that a subset of N+ is called a war der Waerden set if it contains arbitrarily 
long arithmetic progressions. We will also need the following slight variant of the 
standard notion of a density regular family (see, e.g., |Mcl[ IMc2"] ). 

Definition 1. A family J- of nonempty finite subsets of N+ is called uniformly 
density regular if for every < e 1 there exists an integer no such that for every 
interval I o/N+ of length at least no and every subset A of I with densj(^4) e, 
the set A contains an element of T. The least such Uq will be denoted by B(J-,e). 
Finally, the set of all uniformly density regular families will be denoted by 1Z. 

There are several examples of uniformly regular families. The simplest one is 
the set of all subsets of the positive integers with exactly k elements where k is 
a fixed positive integer. By the famous Szemeredi Theorem |Sz| . the set AP^. of 
all arithmetic progressions of length k is also a uniformly regular family; see [G] 
for the best known upper bounds for the numbers £?(APfe,e). Moreover, for every 
choice of polynomials p\,...,pk taking integer values on the integers and zero on 
zero, the family {{a +£>i(n.), a + Pk{ n )} : a € Z and n G Z} is uniformly density 
regular. This is a consequence of the work of V. Bergelson and A. Leibman |BL| . 
More examples of uniform density regular families can be found in |FW| IBMj . 

We are now ready to state our main result. 

Theorem 2. Let < 8 < 1. Then there exists a map V s : K <N x N^ N -> N with 
the following property. For every sequence (n q ) q of positive integers, every sequence 
(Fq)q of uniformly regular families, every var der Waerden set L and every sequence 
(Dk)keL such that 

(a) n > V s (F ,(b), 

(b) n q Vs((T p )p =0 , (rip)pZj) for all positive integers q and 

(c) De is a subset of l~[!j=o [ n i] °f density at least S for all I € L 

there exist a sequence (I q ) q and a van der Waerden subset L' of L such that 

(i) I q is an element of J- q contained in [n q ] for all q € N and 

(ii) UIZU* C D e for all £ e L' . 

The definition of the map Vs is based on an auxiliary map T that we will define 
in Section [31 The proof of Theorem [5] as well as the definition of the map Vs are 
given in Section |U 
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2. Correlation of measurable events on arithmetic progressions. 

Recall the following two classical combinatorial results due to B. L. van der 
Waerden [vWj and E. Szemeredi [Sz] respectively. 

Theorem 3. For every r, k positive integers, there exists a positive integer no such 
that for every n n and every coloring of [n] into r many colors, one of the colors 
contains an arithmetic progression of length k. The least such no will be denoted 
by W(fc,r). 

Theorem 4. For every < e ^ 1 and every positive integer k there exists a 
positive integer hq such that for every n ^ no and every A subset of [n] of density 
at least e, the set A contains an arithmetic progression of length k. The least such 
no will be denoted by S(fc,e). 

Theorem [3] has the following easy consequence, essentially stating that the col- 
lection of all van der Waerden sets forms a coideal on N + . 

Fact 5. One of the colors of a finite coloring of a van der Waerden set is a van 
der Waerden set. 

We proceed to define some numerical invariants. For every < n ^ 1 and every 
integer k ^ 2 we set 

(2) ei(k,v) = (v/2)-( S{k 'f ) y\ 

while for every < n ^ 1 we set 

(3) 0i(hv) = V- 
We will need the following lemma. 

Lemma 6. Let < n ^ 1 and k be a positive integer. Then for every integer n with 
n ^ S(fc, n/2) and every family (A;)" =1 of measurable events in a probability space 
£,u) such that /i(A) ^ r\ for all i G [n] there exists an arithmetic progression 
P of length k contained in [n] such that 

(4) «(f| A,) ^6 1 (k,rj). 

Proof. For k = 1 the result is immediate. Thus, let as assume that k ^ 2. Fix 
n ^ S(fc,n/2) and a family (A)™ =1 of measurable events in a probability space 
(f2, E, u) satisfying /x(Aj) ^ V for all i G [n]. We set no = S(fc,n/2) and 

(5) A = {(i, x) G [n ] x fl : x G AJ- 

Clearly, the product probability measure dens[„ ] ® u of A is at least n. For every 
x <E ft let 

(6) A* = {ie[no]:{i,x)eA}. 
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By Fubini Theorem, setting 

(7) C={xen:dens [no] (A x )> 7 l}, 

we have that C G £ and £t(C) ^ ^. By Theorem [4] and the choice of no, for 
every i£C there exists an arithmetic progression P x of length k contained in A x . 
Observe that for every x € C we have 

(8) x 6 p| A t . 

There are at most (™°) many arithmetic progressions of length k contained in [no]. 
Therefore, there exist an arithmetic progression P of length k contained in [no] and 
a measurable subset C of C with 

o) Kcn>i*(c)'( sik '!! /2) Y 1 ><k{k, V ) 



V 2 

and such that P x — P for all icC. Invoking ([5]) we see that C C fligpA,-. Hence 
H 

^(nigp^li) ^ ^ Oi{k,r/) and the proof is completed. □ 

We will also need a variant of Lemma [5] which is stated in the more general 
context of uniformly density regular families. To state it we need, first, to introduce 
some further invariants. Specifically, for every < n 1 and every uniformly 
density regular family T we set 

(10) M(J",n) = max||{F e T : F C I}\ : I is an interval of length 
and we define 

(U) fe ^ = 4.A/(L/4) - 

Lemma 7. Le£ < ?/ ^5 1 and J- be a uniformly density regular family. Also let n 
be an integer with n (2/e) • B(J- , e/4) and (f2, E, /i) &e a probability space. Finally 
let A be a subset of [n] x £1 with (dens[ n j £§> ^ rj. Then there exists an element 

F of T such that, setting A = {x G f2 : (i, x) € A for all i £ -F 1 }, we have 

(12) >9*{T,ri). 

Proof. We set no = n/4). First we pick a subinterval I of [n] of length no 

such that 

(13) (dens/ ® /i)(in (7 x fi)) ^ n/2 

as follows. We set £ = [n/noj and we pick 7i,...,J^ disjoint subintervals of [n] 
each of length no- We set J = U^ =1 Jj. By the assumptions on n, we have that 
dens[„]([n] \ J) < n/2. Consequently, since Ji, It are of the same length, we have 
that 

1 1 

(14) | < (dens ,/ ® n) (A n ( J x Q)) = - ^(dens/ 3 ® /x)(An (I,- x O)) . 
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Hence for some jo £ [£\ we have that (densj^ <g>/z) (Ar\(Ij x ft)) ^ 77/2. Let / = Ij . 
For every i £ I we set 

(15) A, = {x e ft : (i,x) e A} 
and for every x £ ft we set 

(16) A x = {ieI:(i,x)€A}. 
By (fl3|) and Fubini Theorem, we have that the set 

(17) C = {x G ft : dens/fA") > 77/4} 

is a measurable event of probability at least ry/4. Since I is of length 73 (J 7 , r//4), 
for every xeCwe have that there exists an element F x of J 7 contained in A x . Let 
us observe that for every x £ C, by the definition of the set A x , we have that 

(18) x £ p| A h 

Since / contains at most M (J 7 , 77/4) elements of J 7 , we have that there exist an 
element F of T contained in / and a measurable subset C' of C such that 

u(C) CCD 

as) » [C,) *mkw) 

and F x = F for all x £ C . Invoking (fTS]) we have that C" C n^g^A;- Setting v4 as 
in the statement, we clearly have that the intersection H^pAi is subset of A. Thus 

li(A) ^ /Lt(n ie irAi) ^ |U(C") > d 2 {J : 1 ri) as desired. □ 

Before we proceed let us introduce some additional notation. Let (ft, S, /u) be a 
probability space and -B be a measurable event of positive probability For every 
A £ S we set 

(20) - 
We have the following elementary fact. 

Fact 8. Let < rj,9 ^ 1. /ei (ft, £, /f) oe a probability space and A, B be 

two measurable events such that fi(A) 77 and At(73) 0. // /is (A) 77/2 i/ien 
/j(ft \ B) > 77/2 and (iq\ b (A) > 77 + 770/2. 

Proof. Assuming that /z_b(A) ^ 77/2 we have the following. First we observe that 

(21) /a(ft \ 73) > n(A \ B) = f i(A) - fi(A n B) > (1(A) - » B {A) > 77/2. 
Since 

77 < fi(A) = /i(ft \ 73) • /io\ B (A) + 77,(73) • n B (A) 

( 22 ) 

< (l- f x(B))- f x nXB (A) + (r, 2)-fi(B), 
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we have that 



(23) 




M(g)/2 
1 - fJ,(B) 



) 



^ r? + r] ■ fi{B)/2 ^ r, + r 1 e/2 



as desired. 



□ 



Lemma 9. Let < rj < 1 and k be a positive integer. Also let L be a van 
der Waerden set and (A^^l be a family of measurable events in a probability 
space (f2,£,/i) such that n(Ai) ^ rj for all £ £ L. Then there exist an arithmetic 
progression P of length k contained in L, a van der Waerden subset L' of L and a 
subset B ofCii^pAi such that 



and hb{Ai) ^ 77/2, for all £ G L' . Moreover, the set B belongs to the algebra 
generated by the family {At : £ 6 L and£ ^ maxi?}. 

Proof. We set Lq = L and Oq = 0< We pick a positive integer sq with sq ^ 



inductively B t = (Di e p t Ai) n Qt-x and Q, t = £lt-i \ B t for all t = 1, sq, we have 
that the following are satisfied. 

(i) For every t = 1, sq we have that L t is a van der Waerden subset of Lt-x- 

(ii) For every t = 1, sq we have that Pt is an arithmetic progression of length 
k contained in Lt-x- 

(hi) For every t = 0, s - 1 we have //(f2 t ) ^ (77/2)*. 

(iv) For every £ = 1, sq we have HQ. t _ 1 {B t ) ^ 0i(k,r]). 

(v) For every i = 0,...,s — 1 we have /^(A^) ^ r] + t ■ r] ■ 6'i(fc, 77) /2 for all 

(vi) For every t = 1, sq - 1 we have that [iB t (A() < r\j2 for all £ e L t . 

(vii) fi BsQ {At) ^ 77/2 for all £ e L So . 

Assume that for some s < [ v . e ^ k ^ j we have constructed (L t )f =0 and if s ^ 1, 
(P t )f =1 , satisfying (i)-(vi) above. Let (f2 t )f =0 be as defined above. By the inductive 
assumption (i), we have that L s is a van der Waerden set and therefore we may pick 
an arithmetic progression P of length S(k,r]/2) contained in L s . By the inductive 
assumption (v) and Lemma [6] there exists an arithmetic progression P s +i of length 
k contained in P such that 



where B s+ \ = {C\iep g+1 Ai) n il s - By Fact [5] we pass to a van der Waerden subset 
L s+ i of L s such that either 

(a) fi Bs+1 (A e ) ^ rj/2, for all £ e L s+1 , or 

(b) HB s+1 ( A t) < 17/2, for all £ e L s+ i. 



(24) 





■J and we construct by induction L%, L SQ and Pi, P So such that setting 



(25) 



fj,a t (B s+ x) ^ 6»i(fc, n), 
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If (a) occurs, then we set so = s + 1 and the inductive construction is complete. Let 
us assume that (b) holds. Then invoking ()25[) and (v) of the inductive assumptions, 
by Fact [5J we have that 

(26) fin s+1 (Ae)>r) + (s + l)-V0i(k,r))/2 

for all I £ L s+1 , where f2 s +i = fl s \ B s+1 . Moreover, by Fact [5] and the inductive 
assumptions (hi) and (v) we have that /j,(fl s +i) ^ (??/2) • n(£l s ) (rj/2) s+1 . The 
inductive step of the construction is complete. Finally, let as point out that if 
s = L ?)-gi(fc ri) \ ~ •"•> tnen ( a ) ^ as to occur - Indeed, assuming that (b) occurs then 
by (f26| we would have that the relative probability of Ag inside £l s +i exceeds 1. 

Hence, setting L' = L S() , P = P S() and B = B S() , we have that L' is a van der 
Waerden subset of L and P is an arithmetic progression of length k contained in 
L. Moreover, we have that B = {C\ ie pAi) n O so _x C n^pAi and 

(iv),(iii) 

/i(5)=/i(B S0 )=Mu S0 _ 1 ( J B S0 )- At (O S0 -i) > 9 1 (k, V ) ■ (V/2Y"- 1 

II 

tt6 x (k,rj) ■ (j 7 /2)L"- e i( fc .")J _1 . 

By (vii), we have that hb{Ai) ^ r]/2, for all < e L'. Finally, it is immediate 
that the set B, by its definition, belongs to the algebra generated by the family 
{Ag : £ £ L and I ^ maxi?} as desired. □ 

3. The auxiliary map T 

As we have already mentioned the definition of the map Vs makes use of an 
auxiliary map T. Recall that by TZ we denote the set of all uniformly regular 
families (see Definition [T]). We define the map T : 1Z <N x M + — >• N, where by M + we 
denote the set of all positive reals, as follows. Let q be a non-negative integer and 
((^>)p=0' £ ) be an element of 1Z <N x R + . We inductively define (s p )p =0 by setting 

(28) £ = e and e p+1 = 8 2 P>£ P ) 
for all p = 0, q — 1. Finally we set 

(29) T((F p )l =0 ,e)=\?--B(F q ,e q /4) 

Sq 

We then extend T on 1Z <N x R + arbitrarily. Let us observe, for later use, that if q 
is positive then 

(30) T((JP P )« =0)£ ) =T{{T p )l =1 M^e)). 

Although the following notation is quite standard in the literature, we include it 
below for clarity. 

Notation 1. Let qo < qi < q 2 be non-negative integers and (n q ) q be a sequence 
of positive integers. Also let x S IIpL^[ n p] an d V S IlpL^i i n p}- By x^y we denote 
the concatenation of the sequences x, y, i.e. the sequence z G Ilp= 9 J[ n p] satisfying 



s 
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z(p) = x(p) for all p = qo, . . . , qi - 1 and z(p) = y(p) for all p = qi, . . . , qi - 1. 
Moreover, for A C EIpL^K] and B C Jlp^K] we set 

(31) = {x^y :yEB} 
and 

(32) = |J x~B. 

The main property of the map T that we are interested in is described by the 
following lemma. Similar results to this one have already been considered (see 
p iESllGRSp . 

Lemma 10. Let < e ^ 1 and q be a non-negative integer. Also set Tq, ...,J- q be 
uniformly regular families and no,...,n q be integers such that n p ^ T((J r s )g =0 , e) 
for all p = 0,...,q. Finally, let D be a subset o/IIp=o[ n p] of density at least e. 
Then there exists a sequence (ip)p =0 such that 

(i) I p is an element of T v contained in [n p ] for all p = 0, ...,q and 

(ii) Ilp=o * s su ^>set of D. 

Proof. We proceed by induction on q. First let us observe that for q = we have 
that T((J r o),e) ^ B(Fq,e) and therefore the result follows immediately by the 
definition the number B(J-q,e). 

Assume that the statement holds for some q. Fix a real e with < e ^ 1, 
uniformly density regular families J~q, Tq+i and integers hq, ...,n q+ i satisfying 
n p ^ T((j;)P =0 ,e) for all p = 0, ...,q + 1. Finally, let D be a subset of riptoK] 
of density at least e. We set Q — ripiib^p]- Observe that Ilp=o[ n p] = i- n o] x ^ 
and that the probability measures densr-rg+i^ , and dens nn <g>densn are equal. Thus 

H P =ol n pJ 

(dens no ®dens£i)(-D) ^ £■ Since no ^ ^"((-^o^e) ^= (2/e)-B(J 7 , e/4), by LemmaEl 
there exists an element I of J~o such that setting D = {x G il : (i, x) e D for all i e 
7o}> we have that 

(33) fi(D)>6 2 (F Q ,e). 
By the definition of D, it is immediate that 

(34) IqD C D. 
Also notice that for every p = 1, ... , q + 1, 

(35) n p ^T((T s )U 1 e)^T({F s f s=1 M^e)). 

By ()33|) . (|35p and the inductive assumption we have that there exists a sequence 
(^p)pii sucn that 

(a) I p is an element of T p contained in [n p ] for all p = 1, q + 1 and 

(b) ripii ^p is subset 01 5. 

By (b) and we have that Ilpio C / "-D C D and the proof is complete. □ 
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Definition 11. Let < e 1 and r be a non-negative integer. Also let L be a van 
der Waerden set and (n q ) q be a sequence of positive integers. We will say that a 
sequence (De)g e L is (r,e, (n q ) q )- dense if for every £ G L with £ > r we have that 
Di is a subset of Ilp=r \ n p\ °f density at least e. 

For every < e ^ 1 and every positive integer k we define 

(36) e 3 (k,e) = l.(l) [ ^ rl .6 1 (k,e). 

Finally, for every non-negative integer n and every sequence x of length at least n 
(finite or infinite), by R n (x) we denote the initial segment of x of length n. 

Lemma 12. Let < e ^ 1, r be a non-negative integer and k be a positive integer. 
Also let {J r q ) q be a sequence of uniformly density regular families and (n q ) q be a 
sequence of positive integers such that n q T((J r p )^ =T ., 9^(k, e)) , for all q^ r. Fi- 
nally, let L be a van der Waerden set and (Di)i^l be {r,e, (n q ) q )-dense. Then there 
exist an arithmetic progression P of length k inside L, a van der Waerden subset 
L' of L, a finite sequence (Ip)^^ 1 and an (r' , e' , {n q ) q )-dense sequence (D{,){,£L'> 
where r' = maxP and e' = e ■ 2~^ P=r "p +2 ) ; satisfying the following. 

(i) For every p = r, r 1 — 1, the set L p is an element of J- p contained in [n p ] . 

(ii) r < min P. 

(hi) For every q G P. the set Ylp= r Ip * s a subset of D q . 

(iv) For every £ G L' , the set (jY v = r Ip)^Dg is a subset of D^. 

Proof. Passing to a hnal segment of L, if it is necessary, we may assume that 
r < mini. Let fi = Jl^rl^p] an< ^ M ^ e ^ ne Lebesgue (probability) measure on tt. 
Also let for every £ G L, Ae = {x G £1 : Re- r (x) G De}. By Lemma [9] applied for 
"77 = e" , there exist an arithmetic progression P of length k contained in L, a van 
der Waerden subset L" of L and a subset B of H^pAi such that 

(37) M B)^(£)^^-V(M), 

for every £ G L" we have (ig(At) ^ s/2 and the set B belongs to the algebra 
generated by the family {A)> :<£L and £ ^ max?}. Thus, setting r' = maxP, 
there exists a subset B of rip^ 1 l n p) sucn that 

(38) dens n;L _ I[np] (B)=/x(B) > (2) ° 

for every f e L", setting Bg — {x E. l~Ip=r[ n p] • Rr'-r(%) G £?}, we have 

(39) dens B ^(£^) > e/2 
and 



(40) 



R q -r(x) G -Dg 
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for all q G P and x G B. Passing to a final subset L", if it is necessary, we may 
assume that mini" > r' . 

For every £ in L" we have the following. For each element y in Hp=r' I n p] we define 
T y = {z G B : z~y G Dg}. By (f39|) and Fubini's Theorem, we have that the set 
D' e = {y G Ilp=r'[ n p] : denss(r !/ ) > e/4} is of density at least e/4 inside ]lp=r'[ n p]- 
Since Tj, is subset of B and therefore subset of Ilp^r- 1 I n p] > we nave that there exist 
a subset of B and a subset of D' e of density at least (e/4) ■ 2~n p =,- "j> inside 
rip^ 1 ! 71 ?] sucn tnat = Ti for all y in Dg. Let as observe that by the choice of 

and D'g we have that 

(41) T^De C D £ and dens B (r £ ) > e/4. 

By Fact [5] there exist a subset r of B and a van der Waerden subset L' of L", 
such that = T for all I G L' . Clearly, (De)eeL' is ( r ' ; s', (n q ) q )-dense, where e' is 
defined in the statement of the lemma. By (1551) and (f4"Tj) we have 

(42) dens n p i i [np] ( r ) = dens s( r ) • ^n^/K] (B) ^ 03(fc ' e) - 

Moreover, by (|4T|) . we have that 

(43) r~5^ C L> £ 

for all I G Since for every q = r, r' — 1 we have that ro g ^ T((J-p)| =r ., ^(fc, e)) , 
by (|42|) and Lemma [TOl there exists a sequence (ip)pj^. such that 

(a) I p is an element of J- p contained in [n p ] for all p = r, r' — 1 and 

(b) rip^ 1 is subset of L. 

Since flp^, 1 ^p Q T C 5, by gOJ) we have that ^ is subset of L» g for all g G P. 

By (b) and (|4"3"| we have that IIp^/ 1 Ip^t is subset of for all I G Z/ and the 
proof is complete. □ 

4. Definition of the map Vg and the proof of Theorem [2] 

Let us recall that by 1Z we denote the set of all uniformly density regular families. 
For the sequel, let us adopt for following convection. For a sequence of positive 
integers (n q ) q and r a non-negative integer, we consider (n p ) p zl to be the empty 
sequence and Jlp=r n v to be equal to zero. Fix some real 5 with < 5 < 1. We 
define the map Vg : 1Z <¥> x N!j; N — > N as follows. For every non-negative integer q, 
every finite sequence (n p ) p Z of positive integers and every finite sequence (J r P ) p=0 
of uniformly density regular families we set 

(44) Vg{(F p )l =0 ,(n p )lzl) = max T((.F p )« =r , 3 (r + 1, 6 • «,+*•))) 

Proof of Theorem^ Let be a sequence of positive integers, (J~ q ) q be a se- 

quence of uniformly regular families, I be a var der Waerden set and (Di)i^L be 
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(0, 5, (n 9 ) g )-dense such that 

(45) n g >F 5 ((^)« =0 ,(n p )«=S) 

for every non-negative integer q. We set Lo = L, r = and (Z?°)£ G l = (De)e £ L- 
We inductively construct a sequence of arithmetic progressions (Pn)^Li contained in 
L, a decreasing sequence of van der Waerden sets (L„)„, a sequence ((^)£^7jLi)°Li 
where r n — maxP n for all positive integers n and a sequence ((D2)t£L n ) such 
that for every non-negative integer n we have the following: 

(i) r n < minP n+ i. 

(ii) {Df) ieLn is (r n ,^2-(n^ 1 np+2r„) j( ^ )?) _ dense _ 

(iii) If n is positive, then I p is an element of J- p contained in [n p ] for every 
P = r„_i, r„ - 1. 

(iv) if n is positive, then P n is an arithmetic progression of length r n _i + 1 
contained in such that Ilp = o Iq — D q for every geP„. 

( v ) (IIp=o Ip)~D™ C P^ for all £ £ L„, under the convection Ilpio ^> = 'W- 
Notice first that for n = the properties (i)-(v) are satisfied. Assume that for 
some non-negative integer n we have constructed (P m )m=cb ((^™)^6i m )m-o anc ^ ^ 
n^lwe have constructed (P m )m=i an d ((^q)g=^_ 1 )^_ 1 satisfying (i)-(v). Then 
for every integer q with q ^ r„ we have that 

( l45l _ 

™<z > Vs{{F p ) q p=0 ,{n p ) q p=0 ) 

(46) , , 

IHJ r -1 

By (|46[) and the inductive assumption (ii), we have that the assumptions of Lemma 
[Hfor "e = ( 5.2-(n^o 1 «P+2r n ) ^ « fc = rn + 1 " ) « r = rn » ; « L = Ln « and «(£,) £eL = 

(D™)f e L n " are satisfied. Hence there exist an arithmetic progression P„+i of length 
r„ + 1 inside L n , a van der Waerden subset L n +i of L n , a finite sequence (7p)p=tv 1 
and an (r n +i,e', (n g ) 9 )-dense sequence [D^ +1 )^L n+1 , where r n+ \ = maxP n+ i and 

(47) e' = 5 ■ 2 _ (np"o 1 «P+ 2 ''>.) . 2 _ (np=l, 1 1 1 n p +2) £ _ 2 _ d4p=o 1 n p +2r n+ i)^ 

satisfying the following. 

(a) For all p = r n , r n+ i — 1, the set I p is an element of T v contained in [n p ]. 

(b) r„ < minP„+i. 

(c) For every q e P n+ i, the set JIp=r„ Ip is a subset of £>™. 

(d) For every £ e L n+1 , the set (11^7 * i v T D t +X is a subset of D e- 

By (c) and the inductive assumption (v) we have for every q £ P n +\ that the set 
llp=o^p i s a subset of D q . By (d) and the inductive assumption (v) we have for 
every I £ L n+ i that the set (JlpLr!, -1 ^ P )"-D™ +1 is a subset of Dg. The proof of the 
inductive step is complete. 
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We set L' — U'%L 1 P n . Moreover, observe that r„ tends to infinity as n tends to 
infinity. Thus L' is a van der Waerden set. It is straightforward that L' and (I q ) q 
satisfy the conclusion of the Theorem. □ 

5. Bounds for the map V§. 

In this section, we are interested in bounds for the map Vg- For every positive 
integer m, we denote by J"r m i the family of all subsets of the positive integers with 
m elements. It is immediate that 

(48) B{F [m] ,e)= fm/el. 
We set 

(49) 1Z C = {J-[ m ] : m is a positive integer}. 
We will also need the following remark. 

Remark 1. Let TV be a subfamily of 1Z and T" : 7?/ <N xR + -^Nbea map satisfying 
the conclusion of Lemma [TO] for 7*0, from VJ . Also let Vg : TZ <N x N^ N ->• N 

be the map dehned as in (j44|) using T" instead of T. Then one can check that Vg 
satisfies the conclusion of Theorem [2] under the restriction that each T q is chosen 
from TV . 

We define V : Kf N x R+ -> N, setting V ((T [mp] ) q p=0 ,e) = T e ((J- [mp] )? =0 ) 
for every choice of non- negative integer q, positive integers mo,...,m q and real e 
with < £ ^ 1, where T £ is defined in equation (3) from [TTj . We also define 
V s ' : TZ <N x N^ N -4 N as in (JUJ) using T' instead of T. Lemma 3 from [TT] yields 
that T' satisfies the conclusion of Lemma [TU1 Hence by Remark Q] we have that Vg 
satisfies the conclusion of Theorem [2j For the sequel we fix a sequence (m q ) q of 
integers and a real 5 satisfying the following. 

(i) < 6 < 1 and 

(ii) m q ^ 2 for every non-negative integer q. 

We define a maps f c : N — > N inductively as follows. We set 

(50) / c (0) = Vl({F [mo] ), 0) and f c (q + 1) - Vg'({T [mp] )l + = l (fc( P )) q p=0 ) 

for all q = 0, 1, .... In particular, we are interested in the rate of growth of the map 
f c - We will need the following inequalities. By Lemma 14 of [TTj we have that 

<? 

(51) T'((F [mp] )l =0 ,e) < i4 2 (51og a (l/e) JJmp) 

p=0 

for every non-negative integer q and every < e <5/2, where A 2 (x) = 2^ for every 
real x. Moreover, by Theorem 18.2 of [G] we have that 

(52) S(M <4 3) (log 2 (l/ £ )4 2) (fc + 9)), 
for all positive integers A; and all reals e with < e ^ 1. 
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Proposition 13. We have that f c (q) < A ( 2 1+eq) (5((2/5 2 )+l) log 2 (2/d)m +Ep=i ™> p ) , 
for every non-negative integer q. 

Proof. By ([2]) and (|52j) . for every positive integer k and every < e ^ 1 we have 
<MM) > e ■ [4 3) (log 2 (2/ £ )4 2) (fc + 9))]- 2 

(53) ^ A 2 ( log 2 (l/e)) - 1 ■ 4 2) (1 + A a ( log 2 (2/ £ ) • 4 2) (fc + 9))) ~ l 
> 4 2) (1 + A 2 (log 2 (2/e) • 4 2) (fc + 9)))" 1 

and therefore invoking (j3"6")l we have that 

9 3 {k, e) ^M 1 + ( 2 A) log 2 (2/e)4 2) (l + A 2 ( log 2 (2/ £ ) • 4 2) (fc + 9))))" 1 

(54) • 4 2 > (1 + A 2 ( log 2 (2/e) ■ 4' } (* + 9))) _1 
>Af (3 + A 2 ( log 2 (2/e) 4 2) (fe + 9))) -1 . 

By (|4"4"|) and (I5U1) . for every positive integer g, we have that 

/ c (Q)<T'((j- K] )« =0 ^ 3 (g + i,«5-2-(m=;/cW+^) ) ) 

f5Tl.l54t 



(55) 



^ A 2 (54 2) (3 + A 2 ( log 2 (2/ £ )4 2) (fc + 9))) JJ m p ) 

q-l 

< 4 6) (log 2 (2/«5) + [] /c(p) + 2<z + m,). 

p=0 



By © and ||3BJ), we have that 3 (M) ^ {e/2)^ 2 /^ +l , for all < e sC 1. Thus by 
(01), (JSOJ and (ISTI). we have that 



(56) / c (0) = T'((J- [mo] ),^(l,5)) < A 2 (51og 2 (2/<5)(2/<5 2 + l)m ). 

By inequalities (f55j) . (|55|) and using induction on q, the result follows. □ 
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